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AND ELASTICITY
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Figure 12.1 Two stilt walkers in standing position. All forces acting on each stilt walker balance out; neither changes its

translational motion. In addition, all torques acting on each person balance out, and thus neither of them changes its rotational
motion. The result is static equilibrium. (credit: modification of work by Stuart Redler)
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Introduction

In earlier chapters, you learned about forces and Newton’s laws for translational motion. You then studied torques and the
rotational motion of a body about a fixed axis of rotation. You also learned that static equilibrium means no motion at all
and that dynamic equilibrium means motion without acceleration.

In this chapter, we combine the conditions for static translational equilibrium and static rotational equilibrium to describe
situations typical for any kind of construction. What type of cable will support a suspension bridge? What type of
foundation will support an office building? Will this prosthetic arm function correctly? These are examples of questions that
contemporary engineers must be able to answer.

The elastic properties of materials are especially important in engineering applications, including bioengineering. For
example, materials that can stretch or compress and then return to their original form or position make good shock
absorbers. In this chapter, you will learn about some applications that combine equilibrium with elasticity to construct real
structures that last.
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12.1 | Conditions for Static Equilibrium

Learning Objectives

By the end of this section, you will be able to:

» Identify the physical conditions of static equilibrium.
* Draw a free-body diagram for a rigid body acted on by forces.
* Explain how the conditions for equilibrium allow us to solve statics problems.

We say that a rigid body is in equilibrium when both its linear and angular acceleration are zero relative to an inertial
frame of reference. This means that a body in equilibrium can be moving, but if so, its linear and angular velocities must be
constant. We say that a rigid body is in static equilibrium when it is at rest in our selected frame of reference. Notice that
the distinction between the state of rest and a state of uniform motion is artificial—that is, an object may be at rest in our
selected frame of reference, yet to an observer moving at constant velocity relative to our frame, the same object appears to
be in uniform motion with constant velocity. Because the motion is relative, what is in static equilibrium to us is in dynamic
equilibrium to the moving observer, and vice versa. Since the laws of physics are identical for all inertial reference frames,
in an inertial frame of reference, there is no distinction between static equilibrium and equilibrium.

According to Newton’s second law of motion, the linear acceleration of a rigid body is caused by a net force acting on it, or

Y F=mF o (12.1)
k

Here, the sum is of all external forces acting on the body, where m is its mass and @ cmM s the linear acceleration of its

center of mass (a concept we discussed in Linear Momentum and Collisions on linear momentum and collisions). In
equilibrium, the linear acceleration is zero. If we set the acceleration to zero in Equation 12.1, we obtain the following
equation:

First Equilibrium Condition

The first equilibrium condition for the static equilibrium of a rigid body expresses translational equilibrium:

YF,-0. (12.2)
k

The first equilibrium condition, Equation 12.2, is the equilibrium condition for forces, which we encountered when
studying applications of Newton’s laws.

This vector equation is equivalent to the following three scalar equations for the components of the net force:
;Fkx=0’ ;Fky=0’ ;sz=0. (123)

Analogously to Equation 12.1, we can state that the rotational acceleration o ofa rigid body about a fixed axis of
rotation is caused by the net torque acting on the body, or

Z?k=“—">' (12.4)
k

Here [ is the rotational inertia of the body in rotation about this axis and the summation is over all torques 7 ¢ of

external forces in Equation 12.2. In equilibrium, the rotational acceleration is zero. By setting to zero the right-hand side
of Equation 12.4, we obtain the second equilibrium condition:

Second Equilibrium Condition

The second equilibrium condition for the static equilibrium of a rigid body expresses rotational equilibrium:

This OpenStax book is available for free at http://cnx.org/content/col12031/1.10
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Y 7,=70. (12.5)
k

The second equilibrium condition, Equation 12.5, is the equilibrium condition for torques that we encountered when we
studied rotational dynamics. It is worth noting that this equation for equilibrium is generally valid for rotational equilibrium
about any axis of rotation (fixed or otherwise). Again, this vector equation is equivalent to three scalar equations for the
vector components of the net torque:

Z Tpx = 0, Z Ty = 0, Z 75, = 0. (12.6)
k k %

The second equilibrium condition means that in equilibrium, there is no net external torque to cause rotation about any axis.

The first and second equilibrium conditions are stated in a particular reference frame. The first condition involves only
forces and is therefore independent of the origin of the reference frame. However, the second condition involves torque,

N
which is defined as a cross product, T ;= T , X F ,, where the position vector T , with respect to the axis of

rotation of the point where the force is applied enters the equation. Therefore, torque depends on the location of the axis in
the reference frame. However, when rotational and translational equilibrium conditions hold simultaneously in one frame
of reference, then they also hold in any other inertial frame of reference, so that the net torque about any axis of rotation is
still zero. The explanation for this is fairly straightforward.

—
Suppose vector R is the position of the origin of a new inertial frame of reference S’ in the old inertial frame of reference

S. From our study of relative motion, we know that in the new frame of reference §’, the position vector T’ ¢ of the
point where the force F , is applied is related to ¥ ; via the equation

—_

- = .
r ', X F  of all external forces in a new reference frame, S’ :

(=2 T - RxY Fu=1.
X X

In the final step in this chain of reasoning, we used the fact that in equilibrium in the old frame of reference, S, the first term
vanishes because of Equation 12.5 and the second term vanishes because of Equation 12.2. Hence, we see that the net
torque in any inertial frame of reference S’ is zero, provided that both conditions for equilibrium hold in an inertial frame

—_
Now, we can sum all torques T ' =

;?'ﬁ; ?'kxFF;(?k—ﬁ)xfﬁ; ?kxfk—zk:ﬁx

=

of reference S.

The practical implication of this is that when applying equilibrium conditions for a rigid body, we are free to choose any
point as the origin of the reference frame. Our choice of reference frame is dictated by the physical specifics of the problem
we are solving. In one frame of reference, the mathematical form of the equilibrium conditions may be quite complicated,
whereas in another frame, the same conditions may have a simpler mathematical form that is easy to solve. The origin of a
selected frame of reference is called the pivot point.

In the most general case, equilibrium conditions are expressed by the six scalar equations (Equation 12.3 and Equation
12.6). For planar equilibrium problems with rotation about a fixed axis, which we consider in this chapter, we can reduce
the number of equations to three. The standard procedure is to adopt a frame of reference where the z-axis is the axis of
rotation. With this choice of axis, the net torque has only a z-component, all forces that have non-zero torques lie in the
xy-plane, and therefore contributions to the net torque come from only the x- and y-components of external forces. Thus, for
planar problems with the axis of rotation perpendicular to the xy-plane, we have the following three equilibrium conditions
for forces and torques:

Fi,+Fy 4+ +Fy,=0 (12.7)
71 +1'2+"'+TN=0 (129)

where the summation is over all N external forces acting on the body and over their torques. In Equation 12.9, we
simplified the notation by dropping the subscript z, but we understand here that the summation is over all contributions
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along the z-axis, which is the axis of rotation. In Equation 12.9, the z-component of torque 7 « from the force ¥ k 1s
Ty = rkaSin 0 (12.10)
where r; is the length of the lever arm of the force and F is the magnitude of the force (as you saw in Fixed-Axis

Rotation). The angle 6 is the angle between vectors T , and F ;, measuring from vector T ; tovector F , in
the counterclockwise direction (Figure 12.2). When using Equation 12.10, we often compute the magnitude of torque
and assign its sense as either positive (+) or negative (—), depending on the direction of rotation caused by this

torque alone. In Equation 12.9, net torque is the sum of terms, with each term computed from Equation 12.10, and
each term must have the correct sense. Similarly, in Equation 12.7, we assign the + sign to force components in the

+ x-direction and the — sign to components in the — x-direction. The same rule must be consistently followed in
Equation 12.8, when computing force components along the y-axis.
z

Counterclockwise rotation Clockwise rotation
the sense of torque: the sense of torque:
+T —T
@) (b)

Figure 12.2 Torque of a force: (a) When the torque of a force causes counterclockwise rotation
about the axis of rotation, we say that its sense is positive, which means the torque vector is parallel
to the axis of rotation. (b) When torque of a force causes clockwise rotation about the axis, we say
that its sense is negative, which means the torque vector is antiparallel to the axis of rotation.

View this demonstration (https://openstaxcollege.orgl/l/i21rigsquare) to see two forces act on a rigid
square in two dimensions. At all times, the static equilibrium conditions given by Equation 12.7 through
Equation 12.9 are satisfied. You can vary magnitudes of the forces and their lever arms and observe the effect
these changes have on the square.

In many equilibrium situations, one of the forces acting on the body is its weight. In free-body diagrams, the weight vector
is attached to the center of gravity of the body. For all practical purposes, the center of gravity is identical to the center of
mass, as you learned in Linear Momentum and Collisions on linear momentum and collisions. Only in situations where
a body has a large spatial extension so that the gravitational field is nonuniform throughout its volume, are the center of
gravity and the center of mass located at different points. In practical situations, however, even objects as large as buildings
or cruise ships are located in a uniform gravitational field on Earth’s surface, where the acceleration due to gravity has a

constant magnitude of g =9.8 m/s?. In these situations, the center of gravity is identical to the center of mass. Therefore,

throughout this chapter, we use the center of mass (CM) as the point where the weight vector is attached. Recall that the
CM has a special physical meaning: When an external force is applied to a body at exactly its CM, the body as a whole
undergoes translational motion and such a force does not cause rotation.

When the CM is located off the axis of rotation, a net gravitational torque occurs on an object. Gravitational torque is the
torque caused by weight. This gravitational torque may rotate the object if there is no support present to balance it. The
magnitude of the gravitational torque depends on how far away from the pivot the CM is located. For example, in the case
of a tipping truck (Figure 12.3), the pivot is located on the line where the tires make contact with the road’s surface. If the
CM is located high above the road’s surface, the gravitational torque may be large enough to turn the truck over. Passenger
cars with a low-lying CM, close to the pavement, are more resistant to tipping over than are trucks.

This OpenStax book is available for free at http://cnx.org/content/col12031/1.10
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Load CM
Load CM
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Area of Area of The vehicle is stable This vehicle is unstable and
support support will continue to tip over

@ (b)
Figure 12.3 The distribution of mass affects the position of the center of mass (CM), where the weight vector W s

attached. If the center of gravity is within the area of support, the truck returns to its initial position after tipping [see the left
panel in (b)]. But if the center of gravity lies outside the area of support, the truck turns over [see the right panel in (b)]. Both
vehicles in (b) are out of equilibrium. Notice that the car in (a) is in equilibrium: The low location of its center of gravity makes it
hard to tip over.

If you tilt a box so that one edge remains in contact with the table beneath it, then one edge of the base of support
becomes a pivot. As long as the center of gravity of the box remains over the base of support, gravitational torque
rotates the box back toward its original position of stable equilibrium. When the center of gravity moves outside
of the base of support, gravitational torque rotates the box in the opposite direction, and the box rolls over. View
this demonstration (https://lopenstaxcollege.orgl/l/21lunstable) to experiment with stable and unstable
positions of a box.

Example 12.1

Center of Gravity of a Car

A passenger car with a 2.5-m wheelbase has 52% of its weight on the front wheels on level ground, as illustrated
in Figure 12.4. Where is the CM of this car located with respect to the rear axle?

d=25m————

Figure 12.4 The weight distribution between the axles of a
car. Where is the center of gravity located? (credit "car":
modification of work by Jane Whitney)
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Strategy

We do not know the weight w of the car. All we know is that when the car rests on a level surface, 0.52w pushes
down on the surface at contact points of the front wheels and 0.48w pushes down on the surface at contact points
of the rear wheels. Also, the contact points are separated from each other by the distance d = 2.5 m. At these

contact points, the car experiences normal reaction forces with magnitudes Fg = 0.52w and Fg = 0.48w on
the front and rear axles, respectively. We also know that the car is an example of a rigid body in equilibrium

whose entire weight w acts at its CM. The CM is located somewhere between the points where the normal reaction
forces act, somewhere at a distance x from the point where F'p acts. Our task is to find x. Thus, we identify three

forces acting on the body (the car), and we can draw a free-body diagram for the extended rigid body, as shown
in Figure 12.5.
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Figure 12.5 The free-body diagram for the car clearly
indicates force vectors acting on the car and distances to the
center of mass (CM). When CM is selected as the pivot point,
these distances are lever arms of normal reaction forces. Notice
that vector magnitudes and lever arms do not need to be drawn
to scale, but all quantities of relevance must be clearly labeled.

We are almost ready to write down equilibrium conditions Equation 12.7 through Equation 12.9 for the car,
but first we must decide on the reference frame. Suppose we choose the x-axis along the length of the car, the
y-axis vertical, and the z-axis perpendicular to this xy-plane. With this choice we only need to write Equation
12.7 and Equation 12.9 because all the y-components are identically zero. Now we need to decide on the
location of the pivot point. We can choose any point as the location of the axis of rotation (z-axis). Suppose we
place the axis of rotation at CM, as indicated in the free-body diagram for the car. At this point, we are ready to
write the equilibrium conditions for the car.

Solution

Each equilibrium condition contains only three terms because there are N = 3 forces acting on the car. The first
equilibrium condition, Equation 12.7, reads

This condition is trivially satisfied because when we substitute the data, Equation 12.11 becomes
+0.52w — w + 0.48w = 0. The second equilibrium condition, Equation 12.9, reads

TF+TW+TR=0 (12.12)

where 7 is the torque of force Fg, 7,, is the gravitational torque of force w, and 7y is the torque of force
FRr. When the pivot is located at CM, the gravitational torque is identically zero because the lever arm of the

weight with respect to an axis that passes through CM is zero. The lines of action of both normal reaction forces
are perpendicular to their lever arms, so in Equation 12.10, we have |sinf| =1 for both forces. From the

free-body diagram, we read that torque 7 causes clockwise rotation about the pivot at CM, so its sense is

negative; and torque 7y causes counterclockwise rotation about the pivot at CM, so its sense is positive. With
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this information, we write the second equilibrium condition as
—rFFF+rRFR=0. (1213)

With the help of the free-body diagram, we identify the force magnitudes Fg = 0.48w and Fg=0.52w, and
their corresponding lever arms rgp = x and rg=d — x. We can now write the second equilibrium condition,
Equation 12.13, explicitly in terms of the unknown distance x:

—0.52(d — x)w + 0.48xw = 0. (12.14)

Here the weight w cancels and we can solve the equation for the unknown position x of the CM. The answer is
x=0.52d =0.52(2.5m) = 1.3 m.

Solution

Choosing the pivot at the position of the front axle does not change the result. The free-body diagram for this
pivot location is presented in Figure 12.6. For this choice of pivot point, the second equilibrium condition is

—VWW+7"RFR=O. (12.15)

When we substitute the quantities indicated in the diagram, we obtain
—(d—-x)w+0.48dw = 0. (12.16)

The answer obtained by solving Equation 12.13 is, again, x = 0.52d = 1.3 m.

Fr = 0.52w Fr = 0.48w
CM

JRL

i)
=
=1
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R=d |w

Figure 12.6 The equivalent free-body diagram for the car; the
pivot is clearly indicated.

Significance

This example shows that when solving static equilibrium problems, we are free to choose the pivot location. For
different choices of the pivot point we have different sets of equilibrium conditions to solve. However, all choices
lead to the same solution to the problem.

@ 12.1 Check Your Understanding Solve Example 12.1 by choosing the pivot at the location of the rear
axle.

@ 12.2 Check Your Understanding Explain which one of the following situations satisfies both equilibrium
conditions: (a) a tennis ball that does not spin as it travels in the air; (b) a pelican that is gliding in the air at a
constant velocity at one altitude; or (c) a crankshaft in the engine of a parked car.

A special case of static equilibrium occurs when all external forces on an object act at or along the axis of rotation or when
the spatial extension of the object can be disregarded. In such a case, the object can be effectively treated like a point mass.
In this special case, we need not worry about the second equilibrium condition, Equation 12.9, because all torques are
identically zero and the first equilibrium condition (for forces) is the only condition to be satisfied. The free-body diagram
and problem-solving strategy for this special case were outlined in Newton’s Laws of Motion and Applications of
Newton’s Laws. You will see a typical equilibrium situation involving only the first equilibrium condition in the next
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example.

View this demonstration (https://lopenstaxcollege.org/l/21pulleyknot) to see three weights that are
connected by strings over pulleys and tied together in a knot. You can experiment with the weights to see how they
affect the equilibrium position of the knot and, at the same time, see the vector-diagram representation of the first
equilibrium condition at work.

Example 12.2

A Breaking Tension

A small pan of mass 42.0 g is supported by two strings, as shown in Figure 12.7. The maximum tension that the
string can support is 2.80 N. Mass is added gradually to the pan until one of the strings snaps. Which string is it?
How much mass must be added for this to occur?

5.0cm 10.0 cm

Fh
Figure 12.7 Mass is added gradually to the pan until one of
the strings snaps.

Strategy

This mechanical system consisting of strings, masses, and the pan is in static equilibrium. Specifically, the knot
that ties the strings to the pan is in static equilibrium. The knot can be treated as a point; therefore, we need only

——
the first equilibrium condition. The three forces pulling at the knot are the tension T ; in the 5.0-cm string, the

—_
tension T , in the 10.0-cm string, and the weight W of the pan holding the masses. We adopt a rectangular

coordinate system with the y-axis pointing opposite to the direction of gravity and draw the free-body diagram
for the knot (see Figure 12.8). To find the tension components, we must identify the direction angles «; and

a, that the strings make with the horizontal direction that is the x-axis. As you can see in Figure 12.7, the

strings make two sides of a right triangle. We can use the Pythagorean theorem to solve this triangle, shown in
Figure 12.8, and find the sine and cosine of the angles a; and a,. Then we can resolve the tensions into their

rectangular components, substitute in the first condition for equilibrium (Equation 12.7 and Equation 12.8),
and solve for the tensions in the strings. The string with a greater tension will break first.
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a=5cm 2a=10cm

cos a, = sina, =

L
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5

cos a, = sina,; =

Figure 12.8 Free-body diagram for the knot in Example
12.2.

Solution

The weight w pulling on the knot is due to the mass M of the pan and mass m added to the pan, or w = (M + m)g.

With the help of the free-body diagram in Figure 12.8, we can set up the equilibrium conditions for the knot:
in the x-direction, =T, +T,, = 0

0.

in the y-direction, +7j,+ T, —w
From the free-body diagram, the magnitudes of components in these equations are
T\y=Tycosay =T /N5 Ty, =Tsina; =2T\/V5
Ty, = Tocos ay = 2T5/V5, Ty, =T,sina, = TH/V5.

We substitute these components into the equilibrium conditions and simplify. We then obtain two equilibrium
equations for the tensions:

in x-direction, T, = 2T,
2T T
in y-direction, —L+-2 = (M +m)g.
y AR ( )8

The equilibrium equation for the x-direction tells us that the tension 7' in the 5.0-cm string is twice the tension
T, in the 10.0-cm string. Therefore, the shorter string will snap. When we use the first equation to eliminate
T, from the second equation, we obtain the relation between the mass m on the pan and the tension 7' in the
shorter string:

2.5T\V5 = (M + m)g.
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The string breaks when the tension reaches the critical value of 7; = 2.80N. The preceding equation can be

solved for the critical mass m that breaks the string:

m= %% —M= %% —0.042kg = 0.277kg = 277.0 .
Significance
Suppose that the mechanical system considered in this example is attached to a ceiling inside an elevator going
up. As long as the elevator moves up at a constant speed, the result stays the same because the weight w does
not change. If the elevator moves up with acceleration, the critical mass is smaller because the weight of M + m
becomes larger by an apparent weight due to the acceleration of the elevator. Still, in all cases the shorter string

breaks first.

12.2 | Examples of Static Equilibrium

Learning Objectives

By the end of this section, you will be able to:

Identify and analyze static equilibrium situations
Set up a free-body diagram for an extended object in static equilibrium

Set up and solve static equilibrium conditions for objects in equilibrium in various physical
situations

All examples in this chapter are planar problems. Accordingly, we use equilibrium conditions in the component form of
Equation 12.7 to Equation 12.9. We introduced a problem-solving strategy in Example 12.1 to illustrate the physical
meaning of the equilibrium conditions. Now we generalize this strategy in a list of steps to follow when solving static
equilibrium problems for extended rigid bodies. We proceed in five practical steps.

Problem-Solving Strategy: Static Equilibrium

1.

Identify the object to be analyzed. For some systems in equilibrium, it may be necessary to consider more
than one object. Identify all forces acting on the object. Identify the questions you need to answer. Identify the
information given in the problem. In realistic problems, some key information may be implicit in the situation
rather than provided explicitly.

Set up a free-body diagram for the object. (a) Choose the xy-reference frame for the problem. Draw a free-
body diagram for the object, including only the forces that act on it. When suitable, represent the forces in
terms of their components in the chosen reference frame. As you do this for each force, cross out the original
force so that you do not erroneously include the same force twice in equations. Label all forces—you will need
this for correct computations of net forces in the x- and y-directions. For an unknown force, the direction must
be assigned arbitrarily; think of it as a ‘working direction’ or ‘suspected direction.” The correct direction is
determined by the sign that you obtain in the final solution. A plus sign ( + ) means that the working direction

is the actual direction. A minus sign ( — ) means that the actual direction is opposite to the assumed working

direction. (b) Choose the location of the rotation axis; in other words, choose the pivot point with respect to
which you will compute torques of acting forces. On the free-body diagram, indicate the location of the pivot
and the lever arms of acting forces—you will need this for correct computations of torques. In the selection of
the pivot, keep in mind that the pivot can be placed anywhere you wish, but the guiding principle is that the
best choice will simplify as much as possible the calculation of the net torque along the rotation axis.

Set up the equations of equilibrium for the object. (a) Use the free-body diagram to write a correct equilibrium
condition Equation 12.7 for force components in the x-direction. (b) Use the free-body diagram to write a
correct equilibrium condition Equation 12.11 for force components in the y-direction. (c) Use the free-body
diagram to write a correct equilibrium condition Equation 12.9 for torques along the axis of rotation. Use
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Equation 12.10 to evaluate torque magnitudes and senses.

4. Simplify and solve the system of equations for equilibrium to obtain unknown quantities. At this point, your
work involves algebra only. Keep in mind that the number of equations must be the same as the number of
unknowns. If the number of unknowns is larger than the number of equations, the problem cannot be solved.

5. Evaluate the expressions for the unknown quantities that you obtained in your solution. Your final answers
should have correct numerical values and correct physical units. If they do not, then use the previous steps to
track back a mistake to its origin and correct it. Also, you may independently check for your numerical answers
by shifting the pivot to a different location and solving the problem again, which is what we did in Example
12.1.

Note that setting up a free-body diagram for a rigid-body equilibrium problem is the most important component in the
solution process. Without the correct setup and a correct diagram, you will not be able to write down correct conditions for
equilibrium. Also note that a free-body diagram for an extended rigid body that may undergo rotational motion is different
from a free-body diagram for a body that experiences only translational motion (as you saw in the chapters on Newton’s
laws of motion). In translational dynamics, a body is represented as its CM, where all forces on the body are attached and
no torques appear. This does not hold true in rotational dynamics, where an extended rigid body cannot be represented by
one point alone. The reason for this is that in analyzing rotation, we must identify torques acting on the body, and torque
depends both on the acting force and on its lever arm. Here, the free-body diagram for an extended rigid body helps us
identify external torques.

Example 12.3

The Torque Balance

Three masses are attached to a uniform meter stick, as shown in Figure 12.9. The mass of the meter stick is
150.0 g and the masses to the left of the fulcrum are m| =50.0g and m, =75.0 g. Find the mass ms that

balances the system when it is attached at the right end of the stick, and the normal reaction force at the fulcrum
when the system is balanced.

|+— 30 cm —=f«—— 40 cm ——=}=— 30 cm —+]
I I [ I I [ [ I I

|
ml m2 / \I m3

Figure 12.9 In a torque balance, a horizontal beam is supported at a
fulcrum (indicated by S) and masses are attached to both sides of the
fulcrum. The system is in static equilibrium when the beam does not
rotate. It is balanced when the beam remains level.

Strategy
For the arrangement shown in the figure, we identify the following five forces acting on the meter stick:

wy =m, g is the weight of mass m; w, = m, g is the weight of mass my;
w = mg is the weight of the entire meter stick; wy = m5 g is the weight of unknown mass ms;
F ¢ is the normal reaction force at the support point S.

We choose a frame of reference where the direction of the y-axis is the direction of gravity, the direction of the
x-axis is along the meter stick, and the axis of rotation (the z-axis) is perpendicular to the x-axis and passes through
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the support point S. In other words, we choose the pivot at the point where the meter stick touches the support.
This is a natural choice for the pivot because this point does not move as the stick rotates. Now we are ready to set
up the free-body diagram for the meter stick. We indicate the pivot and attach five vectors representing the five
forces along the line representing the meter stick, locating the forces with respect to the pivot Figure 12.10. At
this stage, we can identify the lever arms of the five forces given the information provided in the problem. For the
three hanging masses, the problem is explicit about their locations along the stick, but the information about the
location of the weight w is given implicitly. The key word here is “uniform.” We know from our previous studies
that the CM of a uniform stick is located at its midpoint, so this is where we attach the weight w, at the 50-cm

mark.
Fs=7
I I3
A
r " " )
w
1 W, o
Wy =
!
.
Figure 12.10 Free-body diagram for the meter stick. The
pivot is chosen at the support point S.
Solution

With Figure 12.9 and Figure 12.10 for reference, we begin by finding the lever arms of the five forces acting
on the stick:

ry = 30.0cm+40.0cm = 70.0cm
ry = 40.0cm

r = 50.0cm—-30.0cm =20.0cm
r¢ = 0.0cm (because Fg is attached at the pivot)
r3 = 30.0cm.
Now we can find the five torques with respect to the chosen pivot:
7y = +ryw;sin90° =+r;m;g (counterclockwise rotation, positive sense)
Ty = +ryw,sin90° = +r,m, g  (counterclockwise rotation, positive sense)
7 = +4rwsin90° = +rmg (gravitational torque)

g = rgFgsinfg=0 (because rg = 0 cm)
73 = —r3w3sin90° = —r3m3g (clockwise rotation, negative sense)

The second equilibrium condition (equation for the torques) for the meter stick is

T+ 1+ 7+75+73=0.

When substituting torque values into this equation, we can omit the torques giving zero contributions. In this way
the second equilibrium condition is

+rimig+romyg+rmg—rymzg=0. (12.17)

Selecting the +y -direction to be parallel to 77) . the first equilibrium condition for the stick is

—Wl—Wz—W+FS—W3=O.
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Substituting the forces, the first equilibrium condition becomes

-mig—myg—mg+Fq—myg=0. (12.18)

We solve these equations simultaneously for the unknown values m5 and Fg. In Equation 12.17, we cancel
the g factor and rearrange the terms to obtain

rsms =rynmy +r2m2+ rm.
To obtain m5 we divide both sides by r3, so we have

(12.19)

_10 40 20 - 25 ~
= 20(50.09) +30(75.02) + 23(150.09) = 316.03g = 317 g.

To find the normal reaction force, we rearrange the terms in Equation 12.18, converting grams to kilograms:

(12.20)
FS =(m1+m2+m+m3)g

= (50.0 4+ 75.0 + 150.0 + 316.7) X 10_3kg X 9.8m2 =5.8N.
S

Significance

Notice that Equation 12.17 is independent of the value of g. The torque balance may therefore be used to
measure mass, since variations in g-values on Earth’s surface do not affect these measurements. This is not the
case for a spring balance because it measures the force.

12.3 Check Your Understanding Repeat Example 12.3 using the left end of the meter stick to calculate
the torques; that is, by placing the pivot at the left end of the meter stick.

In the next example, we show how to use the first equilibrium condition (equation for forces) in the vector form given by
Equation 12.7 and Equation 12.8. We present this solution to illustrate the importance of a suitable choice of reference
frame. Although all inertial reference frames are equivalent and numerical solutions obtained in one frame are the same as
in any other, an unsuitable choice of reference frame can make the solution quite lengthy and convoluted, whereas a wise
choice of reference frame makes the solution straightforward. We show this in the equivalent solution to the same problem.
This particular example illustrates an application of static equilibrium to biomechanics.

Example 12.4

Forces in the Forearm

A weightlifter is holding a 50.0-1b weight (equivalent to 222.4 N) with his forearm, as shown in Figure 12.11.
His forearm is positioned at f = 60° with respect to his upper arm. The forearm is supported by a contraction of

the biceps muscle, which causes a torque around the elbow. Assuming that the tension in the biceps acts along the
vertical direction given by gravity, what tension must the muscle exert to hold the forearm at the position shown?
What is the force on the elbow joint? Assume that the forearm’s weight is negligible. Give your final answers in
SI units.
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Figure 12.11 The forearm is rotated around the elbow (E) by

a contraction of the biceps muscle, which causes tension
—

T .

Strategy

—_
We identify three forces acting on the forearm: the unknown force F at the elbow; the unknown tension

i‘) M in the muscle; and the weight W with magnitude w = 501b. We adopt the frame of reference with

the x-axis along the forearm and the pivot at the elbow. The vertical direction is the direction of the weight,
which is the same as the direction of the upper arm. The x-axis makes an angle f = 60° with the vertical. The

y-axis is perpendicular to the x-axis. Now we set up the free-body diagram for the forearm. First, we draw the
axes, the pivot, and the three vectors representing the three identified forces. Then we locate the angle # and

represent each force by its x- and y-components, remembering to cross out the original force vector to avoid
double counting. Finally, we label the forces and their lever arms. The free-body diagram for the forearm is shown
in Figure 12.12. At this point, we are ready to set up equilibrium conditions for the forearm. Each force has
x- and y-components; therefore, we have two equations for the first equilibrium condition, one equation for each
component of the net force acting on the forearm.

Figure 12.12 Free-body diagram for the forearm: The pivot is
located at point E (elbow).

Notice that in our frame of reference, contributions to the second equilibrium condition (for torques) come only
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from the y-components of the forces because the x-components of the forces are all parallel to their lever arms,
so that for any of them we have sin& = 0 in Equation 12.10. For the y-components we have 6 = +90° in

Equation 12.10. Also notice that the torque of the force at the elbow is zero because this force is attached at the
pivot. So the contribution to the net torque comes only from the torques of 7, and of w,.

Solution

We see from the free-body diagram that the x-component of the net force satisfies the equation

FF A+ To=w, =0 (12.21)

and the y-component of the net force satisfies

+Fy+Ty—wy=0. (12.22)
Equation 12.21 and Equation 12.22 are two equations of the first equilibrium condition (for forces). Next,
we read from the free-body diagram that the net torque along the axis of rotation is

+rpTy—rywy=0. (12.23)
Equation 12.23 is the second equilibrium condition (for torques) for the forearm. The free-body diagram shows
that the lever arms are ry = 1.5in. and r,, = 13.0in. At this point, we do not need to convert inches into SI

units, because as long as these units are consistent in Equation 12.23, they cancel out. Using the free-body
diagram again, we find the magnitudes of the component forces:

Fy = Fcosfp=Fcos60°=F/2
Tcosp=Tcos60°=T/2
wy = wcosff=wcos60°=w/2
Fy = Fsinf=Fsin60° = F\V3/2
T, = T'sin # = T sin 60° = TV3/2
wy = wsin = wsin 60° = wV3/2.

o
I

We substitute these magnitudes into Equation 12.21, Equation 12.22, and Equation 12.23 to obtain,
respectively,

FI12+T/2-w/2
FV3/2+TV3/2 —wV3/2

0
0.

rrTV3/2 = r,wV3/2

When we simplify these equations, we see that we are left with only two independent equations for the two
unknown force magnitudes, F and T, because Equation 12.21 for the x-component is equivalent to Equation
12.22 for the y-component. In this way, we obtain the first equilibrium condition for forces

F+T—-w=0 (12.24)
and the second equilibrium condition for torques

reT —ryw=0. (12.25)
The magnitude of tension in the muscle is obtained by solving Equation 12.25:

_Tw. _13.0 — 43319p ~
T =w=130(501b) = 43341b ~ 4333 b,

The force at the elbow is obtained by solving Equation 12.24:

F=w-T=5001lb—-43331b=-383.31Ib.

The negative sign in the equation tells us that the actual force at the elbow is antiparallel to the working direction
adopted for drawing the free-body diagram. In the final answer, we convert the forces into SI units of force. The
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answer is

F =383.31b = 383.3(4.448 N) = 1705 N downward
T =433.31b = 433.3(4.448 N) = 1927 N upward.

Significance

Two important issues here are worth noting. The first concerns conversion into SI units, which can be done at the
very end of the solution as long as we keep consistency in units. The second important issue concerns the hinge
joints such as the elbow. In the initial analysis of a problem, hinge joints should always be assumed to exert a
force in an arbitrary direction, and then you must solve for all components of a hinge force independently. In
this example, the elbow force happens to be vertical because the problem assumes the tension by the biceps to be
vertical as well. Such a simplification, however, is not a general rule.

Solution

Suppose we adopt a reference frame with the direction of the y-axis along the 50-1b weight and the pivot placed
at the elbow. In this frame, all three forces have only y-components, so we have only one equation for the first
equilibrium condition (for forces). We draw the free-body diagram for the forearm as shown in Figure 12.13,
indicating the pivot, the acting forces and their lever arms with respect to the pivot, and the angles 8, and 6,

—_
that the forces T ,; and w (respectively) make with their lever arms. In the definition of torque given by

—
Equation 12.10, the angle 6 is the direction angle of the vector 7 ,;, counted counterclockwise from the
radial direction of the lever arm that always points away from the pivot. By the same convention, the angle &,,

is measured counterclockwise from the radial direction of the lever arm to the vector W . Done this way, the
non-zero torques are most easily computed by directly substituting into Equation 12.10 as follows:

tp=rpTsin@p=rpTsinf=rpTsin60° = +rpTV3/2

Ty = rywsin 6, = r,wsin(f + 180°) = —r,, wsin g = —r,, w\3/2.

Figure 12.13 Free-body diagram for the forearm for the
equivalent solution. The pivot is located at point E (elbow).

The second equilibrium condition, 77+ 7, = 0, can be now written as

rpTV3/2 — r,wV3/2 = 0. (12.26)

From the free-body diagram, the first equilibrium condition (for forces) is
—-F+T-w=0. (12.27)
Equation 12.26 is identical to Equation 12.25 and gives the result 7 = 433.3 Ib. Equation 12.27 gives
F=T-w=43331b—-50.01b =383.31b.
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We see that these answers are identical to our previous answers, but the second choice for the frame of reference
leads to an equivalent solution that is simpler and quicker because it does not require that the forces be resolved
into their rectangular components.

12.4 Check Your Understanding Repeat Example 12.4 assuming that the forearm is an object of uniform
density that weighs 8.896 N.

Example 12.5

A Ladder Resting Against a Wall

A uniform ladder is L = 5.0 m long and weighs 400.0 N. The ladder rests against a slippery vertical wall, as
shown in Figure 12.14. The inclination angle between the ladder and the rough floor is £ = 53°. Find the

reaction forces from the floor and from the wall on the ladder and the coefficient of static friction ug at the

interface of the ladder with the floor that prevents the ladder from slipping.

1

Figure 12.14 A 5.0-m-long ladder rests against_ a frictionless
wall.

Strategy

We can identify four forces acting on the ladder. The first force is the normal reaction force N from the floor in
the upward vertical direction. The second force is the static friction force f = ugN directed horizontally along

the floor toward the wall—this force prevents the ladder from slipping. These two forces act on the ladder at its
contact point with the floor. The third force is the weight w of the ladder, attached at its CM located midway
between its ends. The fourth force is the normal reaction force F from the wall in the horizontal direction away
from the wall, attached at the contact point with the wall. There are no other forces because the wall is slippery,
which means there is no friction between the wall and the ladder. Based on this analysis, we adopt the frame of
reference with the y-axis in the vertical direction (parallel to the wall) and the x-axis in the horizontal direction
(parallel to the floor). In this frame, each force has either a horizontal component or a vertical component but
not both, which simplifies the solution. We select the pivot at the contact point with the floor. In the free-body
diagram for the ladder, we indicate the pivot, all four forces and their lever arms, and the angles between lever
arms and the forces, as shown in Figure 12.15. With our choice of the pivot location, there is no torque either
from the normal reaction force N or from the static friction f because they both act at the pivot.
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Figure 12.15 Free-body diagram for a ladder resting against a
frictionless wall.

Solution
From the free-body diagram, the net force in the x-direction is
+f—-F=0 (12.28)

the net force in the y-direction is

+N-w=0 (12.29)
and the net torque along the rotation axis at the pivot point is

Tw+7p=0. (12.30)

where 7, is the torque of the weight w and 7y is the torque of the reaction F. From the free-body diagram,
we identify that the lever arm of the reaction at the wall is ¥ =L = 5.0m and the lever arm of the weight
is ry, = L/2 =2.5m. With the help of the free-body diagram, we identify the angles to be used in Equation
12.10 for torques: 6y =180°—f for the torque from the reaction force with the wall, and
0,, = 180° 4+ (90° — p) for the torque due to the weight. Now we are ready to use Equation 12.10 to compute

torques:
Ty = Fywsin 0y, = r,w sin(180° + 90° — f) = — %w sin(90° — f) = — %w cos
Tp=rpFsinOp =rpFsin(180° — §) = LF sin §.

We substitute the torques into Equation 12.30 and solve for F :

0 (12.31)

—%w cos f+ LF sin

F=%cotfp= %cmsy = 150.7N

We obtain the normal reaction force with the floor by solving Equation 12.29: N =w = 400.0N. The
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magnitude of friction is obtained by solving Equation 12.28: f = F = 150.7 N. The coefficient of static
frictionis ug = f/N = 150.7/400.0 = 0.377.

The net force on the ladder at the contact point with the floor is the vector sum of the normal reaction from the
floor and the static friction forces:

A A A

- =d - A h /-\ "\
F 00 = f + N =({1507N)(—1i)+ (400.0N)(+ j) = (=150.7i +400.0 j)N.

Its magnitude is

Fioo = 2+ N2=1150.72 + 400.02N = 427.4N
and its direction is
@ =tan" ' (N/f) = tan~' (400.0 /150.7) = 69.3° above the floo .

We should emphasize here two general observations of practical use. First, notice that when we choose a pivot
point, there is no expectation that the system will actually pivot around the chosen point. The ladder in this
example is not rotating at all but firmly stands on the floor; nonetheless, its contact point with the floor is a good
choice for the pivot. Second, notice when we use Equation 12.10 for the computation of individual torques,
we do not need to resolve the forces into their normal and parallel components with respect to the direction of
the lever arm, and we do not need to consider a sense of the torque. As long as the angle in Equation 12.10
is correctly identified—with the help of a free-body diagram—as the angle measured counterclockwise from the
direction of the lever arm to the direction of the force vector, Equation 12.10 gives both the magnitude and
the sense of the torque. This is because torque is the vector product of the lever-arm vector crossed with the
force vector, and Equation 12.10 expresses the rectangular component of this vector product along the axis of
rotation.

Significance

This result is independent of the length of the ladder because L is cancelled in the second equilibrium condition,
Equation 12.31. No matter how long or short the ladder is, as long as its weight is 400 N and the angle with the
floor is 53°, our results hold. But the ladder will slip if the net torque becomes negative in Equation 12.31.

This happens for some angles when the coefficient of static friction is not great enough to prevent the ladder from
slipping.

12,5 Check Your Understanding For the situation described in Example 12.5, determine the values of the
coefficient ug of static friction for which the ladder starts slipping, given that § is the angle that the ladder

makes with the floor.

Example 12.6

Forces on Door Hinges
A swinging door that weighs w = 400.0 N is supported by hinges A and B so that the door can swing about a
vertical axis passing through the hinges Figure 12.16. The door has a width of b = 1.00 m, and the door slab

has a uniform mass density. The hinges are placed symmetrically at the door’s edge in such a way that the door’s
weight is evenly distributed between them. The hinges are separated by distance a = 2.00 m. Find the forces on

the hinges when the door rests half-open.
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Figure 12.16 A 400-N swinging vertical door is supported by
two hinges attached at points A and B.

Strategy

The forces that the door exerts on its hinges can be found by simply reversing the directions of the forces that the
hinges exert on the door. Hence, our task is to find the forces from the hinges on the door. Three forces act on

the door slab: an unknown force X from hinge A, an unknown force f}) from hinge B, and the known

weight W attached at the center of mass of the door slab. The CM is located at the geometrical center of the

door because the slab has a uniform mass density. We adopt a rectangular frame of reference with the y-axis
along the direction of gravity and the x-axis in the plane of the slab, as shown in panel (a) of Figure 12.17,
and resolve all forces into their rectangular components. In this way, we have four unknown component forces:

two components of force X (A, and Ay), and two components of force ]_3) (B, and By). In the free-

body diagram, we represent the two forces at the hinges by their vector components, whose assumed orientations
are arbitrary. Because there are four unknowns (A, By, Ay, and By), we must set up four independent

equations. One equation is the equilibrium condition for forces in the x-direction. The second equation is the
equilibrium condition for forces in the y-direction. The third equation is the equilibrium condition for torques in
rotation about a hinge. Because the weight is evenly distributed between the hinges, we have the fourth equation,
Ay = By. To set up the equilibrium conditions, we draw a free-body diagram and choose the pivot point at the

upper hinge, as shown in panel (b) of Figure 12.17. Finally, we solve the equations for the unknown force
components and find the forces.
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ra

@ (b)
Figure 12.17 (a) Geometry and (b) free-body diagram for the door.

Solution
From the free-body diagram for the door we have the first equilibrium condition for forces:
in x-direction: —A,+B,=0 => A,=B,
in y-direction: +Ay+By,—-w=0 = A,=B,=%= M =200.0N.

[\

We select the pivot at point P (upper hinge, per the free-body diagram) and write the second equilibrium condition
for torques in rotation about point P:

pivotat P: 7y, + 7p, +7p,=0. (12.32)

We use the free-body diagram to find all the terms in this equation:

Ty = dwsin(—f) = —dwsin ff = —dw%‘i2 = —w%
T, = aBysin90° = +aB;y
Tgy = aBysin180° =0.

In evaluating sin f, we use the geometry of the triangle shown in part (a) of the figure. Now we substitute these
torques into Equation 12.32 and compute B, :
: . _whb _ —_ b _ 1 _
pivot at P: wa +aBy,=0 = By,= Woo = (400.0 N)2 ) 100.0 N.
Therefore the magnitudes of the horizontal component forces are A, = B, = 100.0 N. The forces on the door

are

— A A
at the upper hinge: F —100.0Ni +200.0Nj

A on door —

— A A
at the lower hinge: F =+100.0Ni +200.0Nj.

B on door

The forces on the hinges are found from Newton’s third law as

A A
1000Ni —200.0N j

A A

—100.0Ni —200.0Nj.

—_
on the upper hinge: F y,0rona =

—
on the lower hinge: ¥ jo0:onp =
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Significance

Note that if the problem were formulated without the assumption of the weight being equally distributed between
the two hinges, we wouldn’t be able to solve it because the number of the unknowns would be greater than the
number of equations expressing equilibrium conditions.

12.6 Check Your Understanding Solve the problem in Example 12.6 by taking the pivot position at the
center of mass.

12.7 Check Your Understanding A 50-kg person stands 1.5 m away from one end of a uniform 6.0-m-long
scaffold of mass 70.0 kg. Find the tensions in the two vertical ropes supporting the scaffold.

1 1

|- 15m -+ 45m -

12.8 Check Your Understanding A 400.0-N sign hangs from the end of a uniform strut. The strut is 4.0 m
long and weighs 600.0 N. The strut is supported by a hinge at the wall and by a cable whose other end is tied to
the wall at a point 3.0 m above the left end of the strut. Find the tension in the supporting cable and the force of
the hinge on the strut.
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12.3 | Stress, Strain, and Elastic Modulus

Learning Objectives

By the end of this section, you will be able to:

* Explain the concepts of stress and strain in describing elastic deformations of materials
* Describe the types of elastic deformation of objects and materials

A model of a rigid body is an idealized example of an object that does not deform under the actions of external forces.
It is very useful when analyzing mechanical systems—and many physical objects are indeed rigid to a great extent. The
extent to which an object can be perceived as rigid depends on the physical properties of the material from which it is made.
For example, a ping-pong ball made of plastic is brittle, and a tennis ball made of rubber is elastic when acted upon by
squashing forces. However, under other circumstances, both a ping-pong ball and a tennis ball may bounce well as rigid
bodies. Similarly, someone who designs prosthetic limbs may be able to approximate the mechanics of human limbs by
modeling them as rigid bodies; however, the actual combination of bones and tissues is an elastic medium.

For the remainder of this chapter, we move from consideration of forces that affect the motion of an object to those that
affect an object’s shape. A change in shape due to the application of a force is known as a deformation. Even very small
forces are known to cause some deformation. Deformation is experienced by objects or physical media under the action of
external forces—for example, this may be squashing, squeezing, ripping, twisting, shearing, or pulling the objects apart. In
the language of physics, two terms describe the forces on objects undergoing deformation: stress and strain.

Stress is a quantity that describes the magnitude of forces that cause deformation. Stress is generally defined as force per
unit area. When forces pull on an object and cause its elongation, like the stretching of an elastic band, we call such
stress a tensile stress. When forces cause a compression of an object, we call it a compressive stress. When an object
is being squeezed from all sides, like a submarine in the depths of an ocean, we call this kind of stress a bulk stress (or
volume stress). In other situations, the acting forces may be neither tensile nor compressive, and still produce a noticeable
deformation. For example, suppose you hold a book tightly between the palms of your hands, then with one hand you press-
and-pull on the front cover away from you, while with the other hand you press-and-pull on the back cover toward you. In
such a case, when deforming forces act tangentially to the object’s surface, we call them ‘shear’ forces and the stress they
cause is called shear stress.

The SI unit of stress is the pascal (Pa). When one newton of force presses on a unit surface area of one meter squared, the
resulting stress is one pascal:

LON
1.0 m?2

one pascal = 1.0 Pa =

In the British system of units, the unit of stress is ‘psi,” which stands for ‘pound per square inch’ (lb/inz). Another unit that

is often used for bulk stress is the atm (atmosphere). Conversion factors are
1 psi=6895Pa and 1Pa=1.450x 10"*psi
1atm = 1.013 x 10 Pa = 14.7 psi.

An object or medium under stress becomes deformed. The quantity that describes this deformation is called strain. Strain
is given as a fractional change in either length (under tensile stress) or volume (under bulk stress) or geometry (under shear
stress). Therefore, strain is a dimensionless number. Strain under a tensile stress is called tensile strain, strain under bulk
stress is called bulk strain (or volume strain), and that caused by shear stress is called shear strain.

The greater the stress, the greater the strain; however, the relation between strain and stress does not need to be linear.
Only when stress is sufficiently low is the deformation it causes in direct proportion to the stress value. The proportionality
constant in this relation is called the elastic modulus. In the linear limit of low stress values, the general relation between
stress and strain is

stress = (elastic modulus) X strain. (12.33)
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As we can see from dimensional analysis of this relation, the elastic modulus has the same physical unit as stress because
strain is dimensionless.

We can also see from Equation 12.33 that when an object is characterized by a large value of elastic modulus, the
effect of stress is small. On the other hand, a small elastic modulus means that stress produces large strain and noticeable
deformation. For example, a stress on a rubber band produces larger strain (deformation) than the same stress on a steel
band of the same dimensions because the elastic modulus for rubber is two orders of magnitude smaller than the elastic
modulus for steel.

The elastic modulus for tensile stress is called Young’s medulus; that for the bulk stress is called the bulk modulus; and
that for shear stress is called the shear modulus. Note that the relation between stress and strain is an observed relation,
measured in the laboratory. Elastic moduli for various materials are measured under various physical conditions, such
as varying temperature, and collected in engineering data tables for reference (Table 12.1). These tables are valuable
references for industry and for anyone involved in engineering or construction. In the next section, we discuss strain-stress
relations beyond the linear limit represented by Equation 12.33, in the full range of stress values up to a fracture point. In
the remainder of this section, we study the linear limit expressed by Equation 12.33.

Material Young’s modulus Bulk modulus Shear modulus
x101Pa x1010Pa x101Pa

Aluminum 7.0 7.5 25

Bone (tension) 1.6 0.8 8.0

Bone (compression) 0.9

Brass 9.0 6.0 3.5

Brick 15

Concrete 2.0

Copper 11.0 14.0 4.4

Crown glass 6.0 5.0 2.5

Granite 4.5 45 2.0

Hair (human) 1.0

Hardwood 15 1.0

Iron 21.0 16.0 7.7

Lead 1.6 4.1 0.6

Marble 6.0 7.0 2.0

Nickel 21.0 17.0 7.8

Polystyrene 3.0

Silk 6.0

Spider thread 3.0

Steel 20.0 16.0 7.5

Acetone 0.07

Ethanol 0.09

Glycerin 0.45

Mercury 25

Water 0.22

Table 12.1 Approximate Elastic Moduli for Selected Materials
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Tensile or Compressive Stress, Strain, and Young’s Modulus

Tension or compression occurs when two antiparallel forces of equal magnitude act on an object along only one of its
dimensions, in such a way that the object does not move. One way to envision such a situation is illustrated in Figure
12.18. A rod segment is either stretched or squeezed by a pair of forces acting along its length and perpendicular to its
cross-section. The net effect of such forces is that the rod changes its length from the original length L, that it had before

the forces appeared, to a new length L that it has under the action of the forces. This change in length AL = L — L; may
be either elongation (when L is larger than the original length L) or contraction (when L is smaller than the original length
L). Tensile stress and strain occur when the forces are stretching an object, causing its elongation, and the length change
AL is positive. Compressive stress and strain occur when the forces are contracting an object, causing its shortening, and
the length change AL is negative.

In either of these situations, we define stress as the ratio of the deforming force F'; to the cross-sectional area A of the
object being deformed. The symbol F| that we reserve for the deforming force means that this force acts perpendicularly

to the cross-section of the object. Forces that act parallel to the cross-section do not change the length of an object. The
definition of the tensile stress is

. F 12.34

tensile stress = ——, ( )
A

Tensile strain is the measure of the deformation of an object under tensile stress and is defined as the fractional change of

the object’s length when the object experiences tensile stress

tensile strain = &L, (12.35)
Ly

Compressive stress and strain are defined by the same formulas, Equation 12.34 and Equation 12.35, respectively. The
only difference from the tensile situation is that for compressive stress and strain, we take absolute values of the right-hand
sides in Equation 12.34 and Equation 12.35.
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Figure 12.18 When an object is in either tension or
compression, the net force on it is zero, but the object deforms
by changing its original length L. (a) Tension: The rod is
elongated by AL. (b) Compression: The rod is contracted by
AL. In both cases, the deforming force acts along the length of

the rod and perpendicular to its cross-section. In the linear range
of low stress, the cross-sectional area of the rod does not change.

Young’s modulus Y is the elastic modulus when deformation is caused by either tensile or compressive stress, and is defined
by Equation 12.33. Dividing this equation by tensile strain, we obtain the expression for Young’s modulus:

y — lensile stress _ F, /A — F, Ly (12.36)
tensile strain  AL/L, A AL’

Example 12.7

Compressive Stress in a Pillar

A sculpture weighing 10,000 N rests on a horizontal surface at the top of a 6.0-m-tall vertical pillar Figure
12.19. The pillar’s cross-sectional area is 0.20 m? and it is made of granite with a mass density of 2700 kg/m3.

Find the compressive stress at the cross-section located 3.0 m below the top of the pillar and the value of the
compressive strain of the top 3.0-m segment of the pillar.

This OpenStax book is available for free at http://cnx.org/content/col12031/1.10
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I
Figure 12.19 Nelson’s Column in Trafalgar Square, London,
England. (credit: modification of work by Cristian Bortes)

Strategy

First we find the weight of the 3.0-m-long top section of the pillar. The normal force that acts on the cross-section
located 3.0 m down from the top is the sum of the pillar’s weight and the sculpture’s weight. Once we have the
normal force, we use Equation 12.34 to find the stress. To find the compressive strain, we find the value of
Young’s modulus for granite in Table 12.1 and invert Equation 12.36.

Solution

The volume of the pillar segment with height # = 3.0 m and cross-sectional area A = 0.20 m? is
V = Ah = (020 m?)(3.0m) = 0.60 m*.
With the density of granite p = 2.7 X 103 kg/m3, the mass of the pillar segment is
m=pV = (2.7% 10° kg/m>)(0.60 m?) = 1.60 x 10’ kg.
The weight of the pillar segment is

wp =mg = (1.60 x 103 kg)(9.80 m/s?) = 1.568 x 10*N.

The weight of the sculpture is wy = 1.0 X 10*N,  so the normal force on the cross-sectional surface located 3.0

m below the sculpture is

Fy =wy+ws= (1568 + 1.0)x 10*N = 2.568 x 10*N.

Therefore, the stress is

4
stress = L4 = 2.568x 10N — 1.284 x 10° Pa = 128.4 kPa.
A 0.20m
Young’s modulus for granite is ¥ = 4.5 x 10'9Pa = 4.5 x 107 kPa. Therefore, the compressive strain at this
position is
stress _ __128.4kPa  _ 5 g5+ 106.
Y 45x107kPa

strain =
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Significance

Notice that the normal force acting on the cross-sectional area of the pillar is not constant along its length, but
varies from its smallest value at the top to its largest value at the bottom of the pillar. Thus, if the pillar has a
uniform cross-sectional area along its length, the stress is largest at its base.

@ 12.9 Check Your Understanding Find the compressive stress and strain at the base of Nelson’s column.

Example 12.8

Stretching a Rod

A 2.0-m-long steel rod has a cross-sectional area of 0.30 cm?. The rod is a part of a vertical support that holds

a heavy 550-kg platform that hangs attached to the rod’s lower end. Ignoring the weight of the rod, what is the
tensile stress in the rod and the elongation of the rod under the stress?

Strategy

First we compute the tensile stress in the rod under the weight of the platform in accordance with Equation
12.34. Then we invert Equation 12.36 to find the rod’s elongation, using Ly = 2.0 m. From Table 12.1,

Young’s modulus for steel is ¥ = 2.0 X 10! Pa.

Solution

Substituting numerical values into the equations gives us

2
Fj = O0kOLMAD _ g 108Pa
30x 1075 m
AL = LE:(I.leOSPa)Lth1.8x10'3m= 1.8 mm.
ALY 2.0%x 10 Pa

Significance

Similarly as in the example with the column, the tensile stress in this example is not uniform along the length of
the rod. Unlike in the previous example, however, if the weight of the rod is taken into consideration, the stress in
the rod is largest at the top and smallest at the bottom of the rod where the equipment is attached.

12.10 Check Your Understanding A 2.0-m-long wire stretches 1.0 mm when subjected to a load. What is
the tensile strain in the wire?

Objects can often experience both compressive stress and tensile stress simultaneously Figure 12.20. One example is a
long shelf loaded with heavy books that sags between the end supports under the weight of the books. The top surface of
the shelf is in compressive stress and the bottom surface of the shelf is in tensile stress. Similarly, long and heavy beams
sag under their own weight. In modern building construction, such bending strains can be almost eliminated with the use of
I-beams Figure 12.21.

This OpenStax book is available for free at http://cnx.org/content/col12031/1.10
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Tensile stress

Compressive stress

Bending
(@) (b)

Figure 12.20 (a) An object bending downward experiences tensile stress (stretching) in the upper section and
compressive stress (compressing) in the lower section. (b) Elite weightlifters often bend iron bars temporarily during
lifting, as in the 2012 Olympics competition. (credit b: modification of work by Oleksandr Kocherzhenko)

N

Figure 12.21 Steel I-beams are used in construction to reduce
bending strains. (credit: modification of work by “US Army
Corps of Engineers Europe District”/Flickr)

A  heavy box rests on a table supported by three columns. View this demonstration
(https:/lopenstaxcollege.org/l/l21movebox) to move the box to see how the compression (or tension) in the
columns is affected when the box changes its position.

Bulk Stress, Strain, and Modulus

When you dive into water, you feel a force pressing on every part of your body from all directions. What you are
experiencing then is bulk stress, or in other words, pressure. Bulk stress always tends to decrease the volume enclosed by
the surface of a submerged object. The forces of this “squeezing” are always perpendicular to the submerged surface Figure
12.22. The effect of these forces is to decrease the volume of the submerged object by an amount AV compared with the

volume V|, of the object in the absence of bulk stress. This kind of deformation is called bulk strain and is described by a

change in volume relative to the original volume:

bulk strain = &V (12.37)

Vo


https://openstaxcollege.org/l/21movebox
https://openstaxcollege.org/l/21movebox
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Figure 12.22 An object under increasing bulk stress always
undergoes a decrease in its volume. Equal forces perpendicular
to the surface act from all directions. The effect of these forces is
to decrease the volume by the amount AV compared to the

original volume, V).

The bulk strain results from the bulk stress, which is a force | normal to a surface that presses on the unit surface area
A of a submerged object. This kind of physical quantity, or pressure p, is defined as

pressure = p = % (12.38)

We will study pressure in fluids in greater detail in Fluid Mechanics. An important characteristic of pressure is that it is
a scalar quantity and does not have any particular direction; that is, pressure acts equally in all possible directions. When
you submerge your hand in water, you sense the same amount of pressure acting on the top surface of your hand as on the
bottom surface, or on the side surface, or on the surface of the skin between your fingers. What you are perceiving in this
case is an increase in pressure Ap over what you are used to feeling when your hand is not submerged in water. What

you feel when your hand is not submerged in the water is the normal pressure p( of one atmosphere, which serves as a
reference point. The bulk stress is this increase in pressure, or Ap, over the normal level, p,.

When the bulk stress increases, the bulk strain increases in response, in accordance with Equation 12.33. The
proportionality constant in this relation is called the bulk modulus, B, or

_bulkstress _ __Ap _ —Ap& (12.39)
bulk strain AV/V, AV’

The minus sign that appears in Equation 12.39 is for consistency, to ensure that B is a positive quantity. Note that the
minus sign ( —) is necessary because an increase Ap in pressure (a positive quantity) always causes a decrease AV in

volume, and decrease in volume is a negative quantity. The reciprocal of the bulk modulus is called compressibility k, or

1_ _AVIV, (12.40)
B Ap -

k=

The term ‘compressibility” is used in relation to fluids (gases and liquids). Compressibility describes the change in
the volume of a fluid per unit increase in pressure. Fluids characterized by a large compressibility are relatively easy

to compress. For example, the compressibility of water is 4.64 X 1073 /atm and the compressibility of acetone is

1.45 x 10™*/atm. This means that under a 1.0-atm increase in pressure, the relative decrease in volume is approximately
three times as large for acetone as it is for water.

This OpenStax book is available for free at http://cnx.org/content/col12031/1.10
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Example 12.9

Hydraulic Press
In a hydraulic press Figure 12.23, a 250-liter volume of oil is subjected to a 2300-psi pressure increase. If the
compressibility of oil is 2.0 X 1073 /atm, find the bulk strain and the absolute decrease in the volume of oil

when the press is operating.

Big pressing force .
|

from a large piston E
on an object

Small pushing force
on a small piston

Figure 12.23 In a hydraulic press, when a small piston is
displaced downward, the pressure in the oil is transmitted
throughout the oil to the large piston, causing the large piston to
move upward. A small force applied to a small piston causes a
large pressing force, which the large piston exerts on an object
that is either lifted or squeezed. The device acts as a mechanical
lever.

Strategy
We must invert Equation 12.40 to find the bulk strain. First, we convert the pressure increase from psi to atm,

Ap = 2300 psi =2300/14.7 atm ~ 160 atm, and identify Vj = 250 L.
Solution

Substituting values into the equation, we have

bulk strain = % = % = kAp = (2.0 x 1075 /atm)(160 atm) = 0.0032
0
answer: AV = 0.0032 V,, = 0.0032(250 L) = 0.78 L.

Significance

Notice that since the compressibility of water is 2.32 times larger than that of oil, if the working substance in the
hydraulic press of this problem were changed to water, the bulk strain as well as the volume change would be
2.32 times larger.

12.11  Check Your Understanding If the normal force acting on each face of a cubical 1.0-m* piece of steel

is changed by 1.0 x 107N, find the resulting change in the volume of the piece of steel.

Shear Stress, Strain, and Modulus

The concepts of shear stress and strain concern only solid objects or materials. Buildings and tectonic plates are examples
of objects that may be subjected to shear stresses. In general, these concepts do not apply to fluids.

Shear deformation occurs when two antiparallel forces of equal magnitude are applied tangentially to opposite surfaces of a
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solid object, causing no deformation in the transverse direction to the line of force, as in the typical example of shear stress

by the ratio of the largest displacement Ax to the transverse distance L

illustrated in Figure 12.24. Shear deformation is characterized by a gradual shift Ax of layers in the direction tangent to

the acting forces. This gradation in Ax occurs in the transverse direction along some distance L. Shear strain is defined
(12.41)

shear strain = 28X,
Ly
Shear strain is caused by shear stress. Shear stress is due to forces that act parallel to the surface. We use the symbol F,
for such forces. The magnitude F  per surface area A where shearing force is applied is the measure of shear stress
(12.42)

shear stress = Fi
e

The shear modulus is the proportionality constant in Equation 12.33 and is defined by the ratio of stress to strain. Shear

modulus is commonly denoted by S:
_ shear stress _ F) /A — Fy Lo (12.43)
shear strain  Ax/L, A Ax’
Ax A
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Figure 12.24 An object under shear stress: Two antiparallel
forces of equal magnitude are applied tangentially to opposite
parallel surfaces of the object. The dashed-line contour depicts
the resulting deformation. There is no change in the direction
transverse to the acting forces and the transverse length Ly is

unaffected. Shear deformation is characterized by a gradual shift

Ax of layers in the direction tangent to the forces.
Example 12.10

An Old Bookshelf

A cleaning person tries to move a heavy, old bookcase on a carpeted floor by pushing tangentially on the surface
of the very top shelf. However, the only noticeable effect of this effort is similar to that seen in Figure 12.24, and
it disappears when the person stops pushing. The bookcase is 180.0 cm tall and 90.0 cm wide with four 30.0-cm-
deep shelves, all partially loaded with books. The total weight of the bookcase and books is 600.0 N. If the person
gives the top shelf a 50.0-N push that displaces the top shelf horizontally by 15.0 cm relative to the motionless

bottom shelf, find the shear modulus of the bookcase.
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Strategy

The only pieces of relevant information are the physical dimensions of the bookcase, the value of the tangential
force, and the displacement this force causes. We identify F; =350.0N, Ax=15.0cm, Lg=180.0cm,

and A = (30.0 cm)(90.0 cm) = 2700.0 cm?, and we use Equation 12.43 to compute the shear modulus.

Solution

Substituting numbers into the equations, we obtain for the shear modulus

Fy L
M Lo _ 500N 180.0cm. _2 N _ 2. 104N _20. 103p, —
S = A A = Joo o 150ems =57 = 5 X 10" X 103 Pa = 2.222 kPa.

We can also find shear stress and strain, respectively:

F
I 50.0N 5
ZI_ 500N _ 5 1pa=1852Pa
A " 27000cm? 27
Ax _ 150cm _ 1 _
L, 180.0cm 12 0.083.

Significance

If the person in this example gave the shelf a healthy push, it might happen that the induced shear would collapse
it to a pile of rubbish. Much the same shear mechanism is responsible for failures of earth-filled dams and levees;
and, in general, for landslides.

12.12 Check Your Understanding Explain why the concepts of Young’s modulus and shear modulus do not
apply to fluids.

12.4 | Elasticity and Plasticity

Learning Objectives

By the end of this section, you will be able to:

* Explain the limit where a deformation of material is elastic
» Describe the range where materials show plastic behavior
* Analyze elasticity and plasticity on a stress-strain diagram

We referred to the proportionality constant between stress and strain as the elastic modulus. But why do we call it that?
What does it mean for an object to be elastic and how do we describe its behavior?

Elasticity is the tendency of solid objects and materials to return to their original shape after the external forces (load)
causing a deformation are removed. An object is elastic when it comes back to its original size and shape when the load is
no longer present. Physical reasons for elastic behavior vary among materials and depend on the microscopic structure of
the material. For example, the elasticity of polymers and rubbers is caused by stretching polymer chains under an applied
force. In contrast, the elasticity of metals is caused by resizing and reshaping the crystalline cells of the lattices (which are
the material structures of metals) under the action of externally applied forces.

The two parameters that determine the elasticity of a material are its elastic modulus and its elastic limit. A high elastic
modulus is typical for materials that are hard to deform; in other words, materials that require a high load to achieve
a significant strain. An example is a steel band. A low elastic modulus is typical for materials that are easily deformed
under a load; for example, a rubber band. If the stress under a load becomes too high, then when the load is removed, the
material no longer comes back to its original shape and size, but relaxes to a different shape and size: The material becomes
permanently deformed. The elastic limit is the stress value beyond which the material no longer behaves elastically but
becomes permanently deformed.

Our perception of an elastic material depends on both its elastic limit and its elastic modulus. For example, all rubbers are
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characterized by a low elastic modulus and a high elastic limit; hence, it is easy to stretch them and the stretch is noticeably
large. Among materials with identical elastic limits, the most elastic is the one with the lowest elastic modulus.

When the load increases from zero, the resulting stress is in direct proportion to strain in the way given by Equation
12.33, but only when stress does not exceed some limiting value. For stress values within this linear limit, we can describe
elastic behavior in analogy with Hooke’s law for a spring. According to Hooke’s law, the stretch value of a spring under
an applied force is directly proportional to the magnitude of the force. Conversely, the response force from the spring to
an applied stretch is directly proportional to the stretch. In the same way, the deformation of a material under a load is
directly proportional to the load, and, conversely, the resulting stress is directly proportional to strain. The linearity limit
(or the proportionality limit) is the largest stress value beyond which stress is no longer proportional to strain. Beyond the
linearity limit, the relation between stress and strain is no longer linear. When stress becomes larger than the linearity limit
but still within the elasticity limit, behavior is still elastic, but the relation between stress and strain becomes nonlinear.

For stresses beyond the elastic limit, a material exhibits plastic behavior. This means the material deforms irreversibly and
does not return to its original shape and size, even when the load is removed. When stress is gradually increased beyond the
elastic limit, the material undergoes plastic deformation. Rubber-like materials show an increase in stress with the increasing
strain, which means they become more difficult to stretch and, eventually, they reach a fracture point where they break.
Ductile materials such as metals show a gradual decrease in stress with the increasing strain, which means they become
easier to deform as stress-strain values approach the breaking point. Microscopic mechanisms responsible for plasticity of
materials are different for different materials.

We can graph the relationship between stress and strain on a stress-strain diagram. Each material has its own characteristic
strain-stress curve. A typical stress-strain diagram for a ductile metal under a load is shown in Figure 12.25. In this figure,
strain is a fractional elongation (not drawn to scale). When the load is gradually increased, the linear behavior (red line) that
starts at the no-load point (the origin) ends at the linearity limit at point H. For further load increases beyond point H, the
stress-strain relation is nonlinear but still elastic. In the figure, this nonlinear region is seen between points H and E. Ever
larger loads take the stress to the elasticity limit E, where elastic behavior ends and plastic deformation begins. Beyond the
elasticity limit, when the load is removed, for example at P, the material relaxes to a new shape and size along the green
line. This is to say that the material becomes permanently deformed and does not come back to its initial shape and size
when stress becomes zero.

The material undergoes plastic deformation for loads large enough to cause stress to go beyond the elasticity limit at E. The
material continues to be plastically deformed until the stress reaches the fracture point (breaking point). Beyond the fracture
point, we no longer have one sample of material, so the diagram ends at the fracture point. For the completeness of this
qualitative description, it should be said that the linear, elastic, and plasticity limits denote a range of values rather than one
sharp point.

A
Elastic Plastic deformation
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» 'g Fracture
o point
ﬁ . H
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i I
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Figure 12.25 Typical stress-strain plot for a metal under a
load: The graph ends at the fracture point. The arrows show the
direction of changes under an ever-increasing load. Points H and
E are the linearity and elasticity limits, respectively. Between
points H and E, the behavior is nonlinear. The green line
originating at P illustrates the metal’s response when the load is
removed. The permanent deformation has a strain value at the
point where the green line intercepts the horizontal axis.

The value of stress at the fracture point is called breaking stress (or ultimate stress). Materials with similar elastic
properties, such as two metals, may have very different breaking stresses. For example, ultimate stress for aluminum is
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2.2x 10%Pa and for steel it may be as high as 20.0 x 103 Pa, depending on the kind of steel. We can make a quick
estimate, based on Equation 12.34, that for rods with a 1-in? cross-sectional area, the breaking load for an aluminum

rodis 3.2 x 10* Ib, and the breaking load for a steel rod is about nine times larger.
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CHAPTER 12 REVIEW

KEY TERMS

breaking stress (ultimate stress) value of stress at the fracture point

bulk modulus elastic modulus for the bulk stress

bulk strain (or velume strain) strain under the bulk stress, given as fractional change in volume
bulk stress (or velume stress) stress caused by compressive forces, in all directions

center of gravity point where the weight vector is attached

compressibility reciprocal of the bulk modulus

compressive strain strain that occurs when forces are contracting an object, causing its shortening
compressive stress stress caused by compressive forces, only in one direction

elastic object that comes back to its original size and shape when the load is no longer present
elastic limit stress value beyond which material no longer behaves elastically and becomes permanently deformed
elastic modulus proportionality constant in linear relation between stress and strain, in SI pascals

equilibrium body is in equilibrium when its linear and angular accelerations are both zero relative to an inertial frame of
reference

first equilibrium condition expresses translational equilibrium; all external forces acting on the body balance out and
their vector sum is zero

gravitational torque torque on the body caused by its weight; it occurs when the center of gravity of the body is not
located on the axis of rotation

linearity limit (proportionality limit) largest stress value beyond which stress is no longer proportional to strain
normal pressure pressure of one atmosphere, serves as a reference level for pressure
pascal (Pa) SI unit of stress, SI unit of pressure

plastic behavior material deforms irreversibly, does not go back to its original shape and size when load is removed and
stress vanishes

pressure force pressing in normal direction on a surface per the surface area, the bulk stress in fluids

second equilibrium condition expresses rotational equilibrium; all torques due to external forces acting on the body
balance out and their vector sum is zero

shear modulus elastic modulus for shear stress

shear strain strain caused by shear stress

shear stress stress caused by shearing forces

static equilibrium body is in static equilibrium when it is at rest in our selected inertial frame of reference
strain dimensionless quantity that gives the amount of deformation of an object or medium under stress

stress quantity that contains information about the magnitude of force causing deformation, defined as force per unit
area

stress-strain diagram graph showing the relationship between stress and strain, characteristic of a material

tensile strain strain under tensile stress, given as fractional change in length, which occurs when forces are stretching an
object, causing its elongation

tensile stress stress caused by tensile forces, only in one direction, which occurs when forces are stretching an object,
causing its elongation

Young’s modulus elastic modulus for tensile or compressive stress
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KEY EQUATIONS
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SUMMARY

12.1 Conditions for Static Equilibrium

A body is in equilibrium when it remains either in uniform motion (both translational and rotational) or at rest.
When a body in a selected inertial frame of reference neither rotates nor moves in translational motion, we say the
body is in static equilibrium in this frame of reference.

Conditions for equilibrium require that the sum of all external forces acting on the body is zero (first condition of
equilibrium), and the sum of all external torques from external forces is zero (second condition of equilibrium).
These two conditions must be simultaneously satisfied in equilibrium. If one of them is not satisfied, the body is not
in equilibrium.

The free-body diagram for a body is a useful tool that allows us to count correctly all contributions from all external
forces and torques acting on the body. Free-body diagrams for the equilibrium of an extended rigid body must
indicate a pivot point and lever arms of acting forces with respect to the pivot.

12.2 Examples of Static Equilibrium

A variety of engineering problems can be solved by applying equilibrium conditions for rigid bodies.

In applications, identify all forces that act on a rigid body and note their lever arms in rotation about a chosen
rotation axis. Construct a free-body diagram for the body. Net external forces and torques can be clearly identified
from a correctly constructed free-body diagram. In this way, you can set up the first equilibrium condition for forces
and the second equilibrium condition for torques.

In setting up equilibrium conditions, we are free to adopt any inertial frame of reference and any position of the
pivot point. All choices lead to one answer. However, some choices can make the process of finding the solution
unduly complicated. We reach the same answer no matter what choices we make. The only way to master this skill
is to practice.

12.3 Stress, Strain, and Elastic Modulus

External forces on an object (or medium) cause its deformation, which is a change in its size and shape. The strength
of the forces that cause deformation is expressed by stress, which in SI units is measured in the unit of pressure
(pascal). The extent of deformation under stress is expressed by strain, which is dimensionless.

For a small stress, the relation between stress and strain is linear. The elastic modulus is the proportionality constant
in this linear relation.

Tensile (or compressive) strain is the response of an object or medium to tensile (or compressive) stress. Here, the
elastic modulus is called Young’s modulus. Tensile (or compressive) stress causes elongation (or shortening) of the
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object or medium and is due to an external forces acting along only one direction perpendicular to the cross-section.

Bulk strain is the response of an object or medium to bulk stress. Here, the elastic modulus is called the bulk
modulus. Bulk stress causes a change in the volume of the object or medium and is caused by forces acting on the
body from all directions, perpendicular to its surface. Compressibility of an object or medium is the reciprocal of its
bulk modulus.

Shear strain is the deformation of an object or medium under shear stress. The shear modulus is the elastic modulus

in this case. Shear stress is caused by forces acting along the object’s two parallel surfaces.

12.4 Elasticity and Plasticity

¢ An object or material is elastic if it comes back to its original shape and size when the stress vanishes. In elastic
deformations with stress values lower than the proportionality limit, stress is proportional to strain. When stress
goes beyond the proportionality limit, the deformation is still elastic but nonlinear up to the elasticity limit.

¢ An object or material has plastic behavior when stress is larger than the elastic limit. In the plastic region, the
object or material does not come back to its original size or shape when stress vanishes but acquires a permanent
deformation. Plastic behavior ends at the breaking point.

CONCEPTUAL QUESTIONS

12.1 Conditions for Static Equilibrium

1. What can you say about the velocity of a moving body
that is in dynamic equilibrium?

2. Under what conditions can a rotating body be in
equilibrium? Give an example.

3. What three factors affect the torque created by a force
relative to a specific pivot point?

4. Mechanics sometimes put a length of pipe over the
handle of a wrench when trying to remove a very tight bolt.
How does this help?

For the next four problems, evaluate the statement as either
true or false and explain your answer.

5. If there is only one external force (or torque) acting on
an object, it cannot be in equilibrium.

6. If an object is in equilibrium there must be an even
number of forces acting on it.

7. 1If an odd number of forces act on an object, the object
cannot be in equilibrium.

8. A body moving in a circle with a constant speed is in
rotational equilibrium.

9. What purpose is served by a long and flexible pole
carried by wire-walkers?

12.2 Examples of Static Equilibrium

10. Is it possible to rest a ladder against a rough wall when

the floor is frictionless?

11. Show how a spring scale and a simple fulcrum can
be used to weigh an object whose weight is larger than the
maximum reading on the scale.

12. A painter climbs a ladder. Is the ladder more likely to
slip when the painter is near the bottom or near the top?

12.3 Stress, Strain, and Elastic Modulus

Note: Unless stated otherwise, the weights of the wires,
rods, and other elements are assumed to be negligible.
Elastic moduli of selected materials are given in Table
12.1.

13. Why can a squirrel jump from a tree branch to the
ground and run away undamaged, while a human could
break a bone in such a fall?

14. When a glass bottle full of vinegar warms up, both
the vinegar and the glass expand, but the vinegar expands
significantly more with temperature than does the glass.
The bottle will break if it is filled up to its very tight cap.
Explain why and how a pocket of air above the vinegar
prevents the bottle from breaking.

15. A thin wire strung between two nails in the wall
is used to support a large picture. Is the wire likely to
snap if it is strung tightly or if it is strung so that it sags
considerably?

16. Review the relationship between stress and strain. Can
you find any similarities between the two quantities?

17. What type of stress are you applying when you press
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on the ends of a wooden rod? When you pull on its ends?
18. Can compressive stress be applied to a rubber band?

19. Can Young’s modulus have a negative value? What
about the bulk modulus?

20. If a hypothetical material has a negative bulk modulus,
what happens when you squeeze a piece of it?

21. Discuss how you might measure the bulk modulus of
a liquid.

PROBLEMS

12.1 Conditions for Static Equilibrium

24. When tightening a bolt, you push perpendicularly on a
wrench with a force of 165 N at a distance of 0.140 m from
the center of the bolt. How much torque are you exerting
relative to the center of the bolt?

25. When opening a door, you push on it perpendicularly
with a force of 55.0 N at a distance of 0.850 m from
the hinges. What torque are you exerting relative to the
hinges?

26. Find the magnitude of the tension in each supporting
cable shown below. In each case, the weight of the
suspended body is 100.0 N and the masses of the cables are
negligible.
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12.4 Elasticity and Plasticity

Note: Unless stated otherwise, the weights of the wires,
rods, and other elements are assumed to be negligible.
Elastic moduli of selected materials are given in Table
12.1.

22. What is meant when a fishing line is designated as “a
10-1b test?”

23. Steel rods are commonly placed in concrete before it
sets. What is the purpose of these rods?
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(d)

27. What force must be applied at point P to keep the
structure shown in equilibrium? The weight of the structure
is negligible.

4000 N
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28. Is it possible to apply a force at P to keep in
equilibrium the structure shown? The weight of the

structure is negligible.
5000 N

S e

20m

2000 N
3000 N

29. Two children push on opposite sides of a door during
play. Both push horizontally and perpendicular to the door.
One child pushes with a force of 17.5 N at a distance of
0.600 m from the hinges, and the second child pushes at
a distance of 0.450 m. What force must the second child
exert to keep the door from moving? Assume friction is
negligible.

30. A small 1000-kg SUV has a wheel base of 3.0 m. If
60% if its weight rests on the front wheels, how far behind
the front wheels is the wagon’s center of mass?

31. The uniform seesaw is balanced at its center of mass,
as seen below. The smaller boy on the right has a mass of
40.0 kg. What is the mass of his friend?

f«—2.0 m—={=—2.0 m—=| 40m }
.-’I. E'\
1S

]
12.2 Examples of Static Equilibrium

32. A uniform plank rests on a level surface as shown
below. The plank has a mass of 30 kg and is 6.0 m long.
How much mass can be placed at its right end before it
tips? (Hint: When the board is about to tip over, it makes
contact with the surface only along the edge that becomes a
momentary axis of rotation.)

le———4.2 m————+}=-1.8 m—+]

33. The uniform seesaw shown below is balanced on a
fulcrum located 3.0 m from the left end. The smaller boy on
the right has a mass of 40 kg and the bigger boy on the left
has a mass 80 kg. What is the mass of the board?
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34. 1In order to get his car out of the mud, a man ties one
end of a rope to the front bumper and the other end to a tree
15 m away, as shown below. He then pulls on the center of
the rope with a force of 400 N, which causes its center to be
displaced 0.30 m, as shown. What is the force of the rope
on the car?

< 15m }

400N

0.30 m

35. A uniform 40.0-kg scaffold of length 6.0 m is
supported by two light cables, as shown below. An 80.0-kg
painter stands 1.0 m from the left end of the scaffold, and
his painting equipment is 1.5 m from the right end. If the
tension in the left cable is twice that in the right cable, find
the tensions in the cables and the mass of the equipment.

-

)

36. When the structure shown below is supported at point
P, it is in equilibrium. Find the magnitude of force F and
the force applied at P. The weight of the structure is
negligible.

g

l— 1000 N

37. To get up on the roof, a person (mass 70.0 kg) places a
6.00-m aluminum ladder (mass 10.0 kg) against the house
on a concrete pad with the base of the ladder 2.00 m from
the house. The ladder rests against a plastic rain gutter,
which we can assume to be frictionless. The center of mass
of the ladder is 2.00 m from the bottom. The person is
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standing 3.00 m from the bottom. Find the normal reaction
and friction forces on the ladder at its base.

38. A uniform horizontal strut weighs 400.0 N. One end of
the strut is attached to a hinged support at the wall, and the
other end of the strut is attached to a sign that weighs 200.0
N. The strut is also supported by a cable attached between
the end of the strut and the wall. Assuming that the entire
weight of the sign is attached at the very end of the strut,
find the tension in the cable and the force at the hinge of the
strut.

39. The forearm shown below is positioned at an angle 6
with respect to the upper arm, and a 5.0-kg mass is held
in the hand. The total mass of the forearm and hand is 3.0
kg, and their center of mass is 15.0 cm from the elbow.
(a) What is the magnitude of the force that the biceps
muscle exerts on the forearm for 8 = 60°? (b) What is
the magnitude of the force on the elbow joint for the same
angle? (c) How do these forces depend on the angle 6?

5.0kg
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40. The uniform boom shown below weighs 3000 N. It
is supported by the horizontal guy wire and by the hinged
support at point A. What are the forces on the boom due to
the wire and due to the support at A? Does the force at A act
along the boom?

41. The uniform boom shown below weighs 700 N, and
the object hanging from its right end weighs 400 N. The
boom is supported by a light cable and by a hinge at the
wall. Calculate the tension in the cable and the force on the
hinge on the boom. Does the force on the hinge act along
the boom?

42. A 12.0-m boom, AB, of a crane lifting a 3000-kg load
is shown below. The center of mass of the boom is at its
geometric center, and the mass of the boom is 1000 kg. For
the position shown, calculate tension T in the cable and the
force at the axle A.
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43. A uniform trapdoor shown below is 1.0 m by 1.5 m
and weighs 300 N. It is supported by a single hinge (H), and
by a light rope tied between the middle of the door and the
floor. The door is held at the position shown, where its slab
makes a 30° angle with the horizontal floor and the rope

makes a 20° angle with the floor. Find the tension in the
rope and the force at the hinge.

44. A 90-kg man walks on a sawhorse, as shown below.
The sawhorse is 2.0 m long and 1.0 m high, and its mass
is 25.0 kg. Calculate the normal reaction force on each leg
at the contact point with the floor when the man is 0.5 m
from the far end of the sawhorse. (Hint: At each end, find
the total reaction force first. This reaction force is the vector
sum of two reaction forces, each acting along one leg. The
normal reaction force at the contact point with the floor is
the normal (with respect to the floor) component of this
force.)
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12.3 Stress, Strain, and Elastic Modulus

45. The “lead” in pencils is a graphite composition with
a Young’s modulus of approximately 1.0 X 10°N/m>.

Calculate the change in length of the lead in an automatic
pencil if you tap it straight into the pencil with a force of
4.0 N. The lead is 0.50 mm in diameter and 60 mm long.

46. TV broadcast antennas are the tallest artificial
structures on Earth. In 1987, a 72.0-kg physicist placed
himself and 400 kg of equipment at the top of a 610-m-high
antenna to perform gravity experiments. By how much was
the antenna compressed, if we consider it to be equivalent
to a steel cylinder 0.150 m in radius?

47. By how much does a 65.0-kg mountain climber stretch
her 0.800-cm diameter nylon rope when she hangs 35.0
m below a rock outcropping? (For nylon,

Y =1.35x 10°Pa.)

48. When water freezes, its volume increases by 9.05%.
What force per unit area is water capable of exerting on a
container when it freezes?

49. A farmer making grape juice fills a glass bottle to the
brim and caps it tightly. The juice expands more than the
glass when it warms up, in such a way that the volume
increases by 0.2%. Calculate the force exerted by the juice
per square centimeter if its bulk modulus is

1.8x 10°N/ mz, assuming the bottle does not break.

50. A disk between vertebrae in the spine is subjected to
a shearing force of 600.0 N. Find its shear deformation,

using the shear modulus of 1.0 X 10° N/m2. The disk is

equivalent to a solid cylinder 0.700 cm high and 4.00 cm in
diameter.

51. A vertebra is subjected to a shearing force of 500.0
N. Find the shear deformation, taking the vertebra to be
a cylinder 3.00 cm high and 4.00 cm in diameter. How
does your result compare with the result obtained in the
preceding problem? Are spinal problems more common in
disks than in vertebrae?

52. Calculate the force a piano tuner applies to stretch a
steel piano wire by 8.00 mm, if the wire is originally 1.35
m long and its diameter is 0.850 mm.

53. A 20.0-m-tall hollow aluminum flagpole is equivalent
in strength to a solid cylinder 4.00 cm in diameter. A strong
wind bends the pole as much as a horizontal 900.0-N force
on the top would do. How far to the side does the top of the
pole flex?
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54. A copper wire of diameter 1.0 cm stretches 1.0% when
it is used to lift a load upward with an acceleration of

2.0 m/s%. What is the weight of the load?

55. As an oil well is drilled, each new section of drill
pipe supports its own weight and the weight of the pipe
and the drill bit beneath it. Calculate the stretch in a new
6.00-m-long steel pipe that supports a 100-kg drill bit and
a 3.00-km length of pipe with a linear mass density of 20.0
kg/m. Treat the pipe as a solid cylinder with a 5.00-cm
diameter.

56. A large uniform cylindrical steel rod of density
p=18 g/cm3 is 2.0 m long and has a diameter of 5.0 cm.

The rod is fastened to a concrete floor with its long axis
vertical. What is the normal stress in the rod at the cross-
section located at (a) 1.0 m from its lower end? (b) 1.5 m
from the lower end?

57. A 90-kg mountain climber hangs from a nylon rope
and stretches it by 25.0 cm. If the rope was originally 30.0
m long and its diameter is 1.0 cm, what is Young’s modulus
for the nylon?

58. A suspender rod of a suspension bridge is 25.0 m long.
If the rod is made of steel, what must its diameter be so that

it does not stretch more than 1.0 cm when a 2.5 x 10* -kg

truck passes by it? Assume that the rod supports all of the
weight of the truck.

59. A copper wire is 1.0 m long and its diameter is 1.0
mm. If the wire hangs vertically, how much weight must be
added to its free end in order to stretch it 3.0 mm?

60. A 100-N weight is attached to a free end of a metallic
wire that hangs from the ceiling. When a second 100-N
weight is added to the wire, it stretches 3.0 mm. The
diameter and the length of the wire are 1.0 mm and 2.0 m,
respectively. What is Young’s modulus of the metal used to
manufacture the wire?

61. The bulk modulus of a material is 1.0 x 10! N/m2.

What fractional change in volume does a piece of this
material undergo when it is subjected to a bulk stress

increase of 107 N/m?? Assume that the force is applied
uniformly over the surface.

62. Normal forces of magnitude 1.0 X 106N are applied

uniformly to a spherical surface enclosing a volume of a
liquid. This causes the radius of the surface to decrease
from 50.000 cm to 49.995 cm. What is the bulk modulus of
the liquid?

63. During a walk on a rope, a tightrope walker creates a
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tension of 3.94 X 103 N in a wire that is stretched between

two supporting poles that are 15.0 m apart. The wire has
a diameter of 0.50 cm when it is not stretched. When the
walker is on the wire in the middle between the poles the
wire makes an angle of 5.0° below the horizontal. How

much does this tension stretch the steel wire when the
walker is this position?

64. When using a pencil eraser, you exert a vertical force
of 6.00 N at a distance of 2.00 cm from the hardwood-
eraser joint. The pencil is 6.00 mm in diameter and is held
at an angle of 20.0° to the horizontal. (a) By how much
does the wood flex perpendicular to its length? (b) How
much is it compressed lengthwise?

65. Normal forces are applied uniformly over the surface
of a spherical volume of water whose radius is 20.0 cm.
If the pressure on the surface is increased by 200 MPa, by
how much does the radius of the sphere decrease?

12.4 Elasticity and Plasticity

66. A uniform rope of cross-sectional area 0.50 cm?
breaks when the tensile stress in it reaches
6.00 x 10°N/m?. (a) What is the maximum load that can

be lifted slowly at a constant speed by the rope? (b) What
is the maximum load that can be lifted by the rope with an

acceleration of 4.00 m/s2?

67. One end of a vertical metallic wire of length 2.0 m
and diameter 1.0 mm is attached to a ceiling, and the other
end is attached to a 5.0-N weight pan, as shown below. The
position of the pointer before the pan is 4.000 cm. Different
weights are then added to the pan area, and the position
of the pointer is recorded in the table shown. Plot stress
versus strain for this wire, then use the resulting curve to
determine Young’s modulus and the proportionality limit of
the metal. What metal is this most likely to be?

Added load (including pan) Scale reading
N) (cm)

0 4.000

ADDITIONAL PROBLEMS

69. The coefficient of static friction between the rubber
eraser of the pencil and the tabletop is ug = 0.80. If the

—_
force F is applied along the axis of the pencil, as shown

below, what is the minimum angle at which the pencil can
stand without slipping? Ignore the weight of the pencil.
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Added load (including pan) Scale reading

™) (cm)

15 4.036
25 4.073
35 4.109
45 4.146
55 4.181
65 4.221
75 4.266
85 4.316
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68. An aluminum (p =2.7 g/cm3) wire is suspended

from the ceiling and hangs vertically. How long must the
wire be before the stress at its upper end reaches the

proportionality limit, which is 8.0 X 10’ N/m2?
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70. A pencil rests against a corner, as shown below. The
sharpened end of the pencil touches a smooth vertical
surface and the eraser end touches a rough horizontal floor.
The coefficient of static friction between the eraser and the
floor is ug = 0.80. The center of mass of the pencil is

located 9.0 cm from the tip of the eraser and 11.0 cm from
the tip of the pencil lead. Find the minimum angle & for

which the pencil does not slip.

71. A uniform 4.0-m plank weighing 200.0 N rests against
the corner of a wall, as shown below. There is no friction
at the point where the plank meets the corner. (a) Find the
forces that the corner and the floor exert on the plank. (b)
What is the minimum coefficient of static friction between

CHALLENGE PROBLEMS

75. A horizontal force f') is applied to a uniform sphere
in direction exact toward the center of the sphere, as shown
below. Find the magnitude of this force so that the sphere
remains in static equilibrium. What is the frictional force of
the incline on the sphere?

T
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the floor and the plank to prevent the plank from slipping?

\)
‘0
>

le—15m—+

72. A 40-kg boy jumps from a height of 3.0 m, lands on
one foot and comes to rest in 0.10 s after he hits the ground.
Assume that he comes to rest with a constant deceleration.
If the total cross-sectional area of the bones in his legs

just above his ankles is 3.0 cm?, what is the compression
stress in these bones? Leg bones can be fractured when they
are subjected to stress greater than 1.7 X 103 Pa. Is the
boy in danger of breaking his leg?

73. Two thin rods, one made of steel and the other of

aluminum, are joined end to end. Each rod is 2.0 m long

and has cross-sectional area 9.1 mm?2. If a 10,000-N

tensile force is applied at each end of the combination,
find: (a) stress in each rod; (b) strain in each rod; and, (c)
elongation of each rod.

74. Two rods, one made of copper and the other of steel,
have the same dimensions. If the copper rod stretches by
0.15 mm under some stress, how much does the steel rod
stretch under the same stress?

76. When a motor is set on a pivoted mount seen below,
its weight can be used to maintain tension in the drive belt.
When the motor is not running the tensions 7' and 7, are

equal. The total mass of the platform and the motor is 100.0
kg, and the diameter of the drive belt pulley is 16.0 cm.
when the motor is off, find: (a) the tension in the belt, and
(b) the force at the hinged platform support at point C.
Assume that the center of mass of the motor plus platform
is at the center of the motor.
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77. Two wheels A and B with weights w and 2w,
respectively, are connected by a uniform rod with weight
w/2, as shown below. The wheels are free to roll on the
sloped surfaces. Determine the angle that the rod forms
with the horizontal when the system is in equilibrium. Hint:
There are five forces acting on the rod, which is two
weights of the wheels, two normal reaction forces at points
where the wheels make contacts with the wedge, and the
weight of the rod.

78. Weights are gradually added to a pan until a wheel of
mass M and radius R is pulled over an obstacle of height d,
as shown below. What is the minimum mass of the weights
plus the pan needed to accomplish this?

79. In order to lift a shovelful of dirt, a gardener pushes
downward on the end of the shovel and pulls upward at
distance /, from the end, as shown below. The weight of

the shovel is m g and acts at the point of application of
F 5. Calculate the magnitudes of the forces F 1 and

F » as functions of /;, [,, mg, and the weight W of

the load. Why do your answers not depend on the angle 6
that the shovel makes with the horizontal?
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80. A uniform rod of length 2R and mass M is attached to
a small collar C and rests on a cylindrical surface of radius
R, as shown below. If the collar can slide without friction
along the vertical guide, find the angle 6 for which the rod

is in static equilibrium.

81. The pole shown below is at a 90.0° bend in a power

line and is therefore subjected to more shear force than
poles in straight parts of the line. The tension in each line

is 4.00x 10*N, at the angles shown. The pole is 15.0

m tall, has an 18.0 cm diameter, and can be considered
to have half the strength of hardwood. (a) Calculate the
compression of the pole. (b) Find how much it bends and
in what direction. (c) Find the tension in a guy wire used to
keep the pole straight if it is attached to the top of the pole
at an angle of 30.0° with the vertical. The guy wire is in

the opposite direction of the bend.
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